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An Interpretation of Temperature Diffuse Scattering*
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(Received 25 June 1968 and in revised form 9 January 1970)

An alternative formulation of temperature diffuse scattering theory is described. The result is in terms
of the mean atomic displacements rather than the usual normal mode representation. The theory leads
to a direct relation between first and second order diffuse intensity which, by iteration, allows for a cor-
rection for the second order contribution without approximation. It seems likely that this theory should

be useful for highly anharmonic thermal motion.

Introduction

The usual formulation of the diffraction theory for
thermal motion in crystals is in terms of the normal
modes of the lattice, the Debye-Waller factor and the
diffuse intensity being related to the average states of
excitation of these modes of motion (James, 1965). We
here offer an alternative formulation of that theory,
entirely in terms of the mean atomic displacements.
The theory leads to direct relations among first and
higher order diffuse scattering components, so that
with the harmonic model, higher order diffuse inten-
sity components may be corrected for exactly, Other
attempts to account for this component of the diffuse
scattering have all invoked a variety of approximations
(Olmer, 1948 ; Joynson, 1954; Jacobsen, 1955; Walker,
1953; Paskin, 1958,1959; Borie, 1961). It seems possi-
ble that this formulation of diffuse scattering theory
may be useful for crystals with large anharmonic
effects.

Diffraction theory

For simplicity consider a crystal for which all atoms
are identical, with one atom per primitive unit cell.
Then according to kinematic diffraction theory, the in-
tensity in electron units is given by

I=f23 3 explik . Rpq] {exp [ik . Gp—5)]) -
P q

The vectors Ry, are between atomic sites p and ¢ in
the average lattice, and the small dynamic displace-
ments &, are those resulting from thermal motion. The
average indicated is over time. The vector & is 2z times
the diffraction vector.

In the harmonic approximation this expression may
be written

I=f? z Z exp [ik . Rypq] exp [—3{{k . (6p—84)}?)]

=Nf2+f2exp[—<k. 8)?)]
x > > exp[ik.Rpg] exp (k. dpk . 8 .

p#q
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In the above N is the total number of atoms in the crys-
tal, and {(k . 8)) is the Debye—Waller factor 2M. With
the last exponential expanded, this expression may be
written

I=f2exp [—2M] > > exp[ik . Rygl+f2exp [—2M]

2. 212 exp [ik . Rpol<k . 8k . 855411, (1)

The first double sum gives the usual sharp but weakened
Bragg maxima and is of no further interest. The second
summation, Itp, is the diffuse intensity. We may write

Irp= > Itp,
=1

where
ok . 8y !

k.5 ,
frpy=fexp [-201] 5. 5 E 0K 00 oo e Ry
P g .

The value of [ identifies the order of the diffuse inten-
sity component.
Consider the first order temperature diffuse scatter-
ing:
ITDI =_f2 exXp [—2M] Z z <k B apk . 6q> exXp [ik . qu] .
p q
@

Let the vector k be written in terms of the vectors b,
reciprocal to the unit cell vectors a,:

k=27[(h[b1 +h2]}l+h3b3) .
We may write for 8
Op=2xpa1+ypa2+zpa;,

where xp, ¥p, and z, are small pure numbers and func-
tions of time.
Then
k. Sp = 27Z(h1xp + hzyp + h3Zp)
and

(k. 8k . 8p)=4n2{h(xpxg) + Mypye) +H5zpzq)
+ I (xpyq+YpXq) +Moh3(ypza
+ zppq) + b (ZpXg+ XpZg)} - 3)
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For diffuse scattering the double sum of equation (2)
may be written as N times a single sum. With the ex-
pression for (k .8k .d4) given by equation (3) sub-
stituted into (2), there results

Irpy/(Nf2exp [—2M])=h} 3 4n*xpxq)
xexp [ik . Rpg]+h3 > 4n2<;qu> exp [ik . Rypq]
+h} D 4n*zpzq) ex; [ik . Rpg]

)
+hyh, Zp 4n*(xpyq +ypxqe) exp [ik . Rpg]
+haohs %: 4n2(ypzq +2pyqy €xp [ik . Rypql

—hshy D 4n2zpxq +XpZq) eXp [IK . Ryq] . @
p

Clearly equation (4) gives Itp,; in terms of the sum of
a group of Fourier series, each one multiplied by a
factor quadratic in A;. Let the periodic function
B(hy, hy, h3) be defined by

B(hy, ha, h3) = Z 4n?(xpxqy exp [ik . Rpg]
p

and

Gk, hp, )= 3, 4n(xpya+ypXe) exp [ik . Ryg) .
p

Then, if the crystal is cubic, equation (4) may be written
in terms of the functions B and G:

Ity [(Nf? exp [—2M]) =h}B(hy, hy, hy)
+13B(hy, by, hy) + B3B(hs, hiha,) + hyhyG(hy, by, hy)
+ hoh3G(hy, hs, hy) + hshi G(hs, hy, by) (S)

All of the information to be recovered from the diffuse
intensity distribution is contained in the Fourier co-
efficients of B and G. They may be recovered by first
obtaining the functions B and G from the experimen-
tal data:

Let I'=Itpy/(Nf? exp [—-2M]) and define an oper-
ator Al to be Alll(hlhzh3)=Il(h1h2h3)—ll(hl — l,hz,hg).
Then from equation (4), because of the periodic char-
acter of Band G:

q A1 =(2hy — 1) B(hyhohs) + hyG(hihohs) (6)
an
A" =2B(h,h,hy)

To recover G, let A, I'(hhyhy)=1I'(hhohs)—
I'(hy,h,—1,h3). Then from equation (5)

AzA1[’ = G(h]h2h3) .

The operators 4, to be applied to the measurements
are ideally suited to be performed on a computer,

INTERPRETATION OF TEMPERATURE DIFFUSE SCATTERING

Now consider second order temperature diffuse scat-
tering:

k.dk.d,)2 .
Itpy=f2exp [-2M] 3 Z<—*£2—"> exp [ik . Rpg] .
P q

O
The quantity <k . dpk . 8;)2 may be readily obtained
from equation (3). The square of that expression will
contain terms like

16 h3hy xpxq) {XpYa+ypXe) -

The corresponding
exp[—2M)) is

Bhy > {xpxq) (Xpyq+ypXq) exp [iK . Rpg]
p
=hihP(hy, by, hy) . (8)

Since a periodic function P whose Fourier coefficients
are the product of those of two other functions, B and
G, is simply the convolute of the two functions. With
the notation

B(hyhyhs)xG(hihahs)

1 1 1
=S S S B H)GH, — hy, By — hy,Hy— hy)
h1=0 Jhy=0 Jh3=0
x Ak, dhydh,

contribution to  Irpy/(Nf?

we may write from equation (8)
P(hihaohs) = B(hihohs)*G(hyhohs)

Introduce the notation that Bn=B(hnhu+ihn+z) and
G n=G(hnhn+1hns2), the subscripts being modulo three.
Then it is clear that if we square equation (3), and sub-
stitute the result into equation (7) to obtain Itp, we
obtain

3 3
2hroy/(Nf2exp[-2MD)= 3 3 2J2B,*B,
3
+ 2

m=1 n=1
3

Z hmhm+ lhnhn+ 1 Gm* Gn

m=1 n=1
3 3
+2 Z Z R hohy s BaG . 9)
m+1 n+1
Discussion

Both first and second order temperature diffuse scat-
tering are expressed in terms of two basic periodic func-
tions as given by equations (5) and (9). The Fourier
coefficients of these functions are related to the mean
atomic displacements and contain the basic informa-
tion which one may recover from a set of diffuse scat-
tering data. The separation technique described here
is closely related to one (Borie & Sparks, 1965) which
has been successfully used to separate diffuse intensity
into its components for disordered solid solutions. The
functions may be recovered directly from the first order
temperature diffuse scattering, and they may then be
used to compute the second order contribution. If this



BERNARD BORIE

procedure is followed with the initial assumption that
all of the scattering is first order, the resultant functions
B and G may be used to compute from equation (9)
Itp,. This may then be subtracted from the measure-
ments to obtain better values of the first order diffuse
intensity. Iteration of this procedure may be followed
to self-consistency, yielding values of first and second
order temperature diffuse scattering to any precision
desired. Expressions similar to, but more involved than,
equation (9) may clearly be developed to obtain ex-
pressions for higher order diffuse components of the
diffraction pattern if that is necessary. Though the day
is not long past when the computation involved in
equation (9) would have appeared formidable, the
above described iteration procedure may be carried
out very easily with a modern computer.

If the usual harmonic representation of the atomic
displacements in terms of superposed waves is incor-
porated into equations (2) and (7), they become James’s
(1965) equation (5-45) for Irp; and Walker’s (1953)
equation (4) for Itp,. However, though the harmonic
model is used, the usual normal mode representation
of the diffuse intensity is not. Since the result for Itp,
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is not dependent on the harmonic approximation, this
representation of first order intensity in terms of the
mean atomic displacements is valid even if there are
large anharmonic contributions so that the usual theory
does not apply. Without the harmonic approximation
the simple representation of I1p; in terms of the func-
tions B and G given by equation (9) no longer holds.
Even in that case the above described method for cor-
rection for Itp, may still be an acceptable approxi-
mation.
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The high temperature X-ray diffraction study of the monoclinic-tetragonal phase transition in ZrO;
showed that it is spread over a temperature range 930-1220°C. Anomalous intensity changes are ob-
served in the pretransformation region 930-1100°C. Coexistence of phases through hybrid crystal for-
mation in the region 1100-1220°C and the mechanism of transition are discussed. The orientation rela-
tionship between the monoclinic (#) and the tetragonal (¢) crystal structures consists in the parallelism
of the (100).» plane to (110): and of the b axis to the c: axis. A drastic change in a small temperature
range during the tetragonal-monoclinic transition is interpreted as a cooperative change in both short
and long range interactions. The large thermal hysteresis is attributed to the difference in the mechanism

of transition during heating and cooling.

Introduction

The monoclinic-tetragonal transition in ZrO, has been
extensively investigated (Baun, 1963; Cypres, Wollast
& Raueq, 1963 ; Grain & Garvie, 1965; Hinz & Dietzel,
1962 ; Sukharevskii, Alapin & Gavrish, 1964; Whitney,
1962; Wolten, 1963, 1964) using differential thermal
analysis, dilatometry, high pressure studies and X-ray
diffractometry. Considerable disagreement among
different investigators prevails regarding the trans-
formation temperature and thermal hysteresis. The
disagreement may be due to: (i) the dynamic study of
the transition and (ii) the type of impurities present.

Wolten (1963, 1964) described the monoclinic-tetra-
gonal transformation in ZrO, to be diffusionless and
likened it to the martensitic type of transformation
observed in metallic and alloy systems. Athermal
kinetics, thermal hysteresis and the shearing mecha-
nism due to the atomic displacements during the trans-
formation are characteristics of the martensitic type of
transformation. The electron microscopic studies of
Bailey (1964) and metallographic observations by
Fehrenbacher & Jacobson (1965) support Wolten’s
work and attribute a shearing mechanism to the atomic
movements during the phase change. Sukharevskii et
al. (1964) associate an isothermal component in the



